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Pulsar timing arrays (PTAs) will be sensitive to a finite number of gravitational wave (GW)
“point” sources (e.g. supermassive black hole binaries). N quiet pulsars with accurately known
distances dpulsar can characterize up to 2N/7 distant chirping sources per frequency bin ∆fgw =
1/T , and localize them with “diffraction limited” precision δθ & (1/SNR)(λgw/dpulsar). Even if
the pulsar distances are poorly known, a PTA with F GW frequency bins can still characterize
up to (2N/7)(1 − 1
2F
) sources per bin, and the quasi-singular pattern of timing residuals in the
vicinity of a GW source still allows the source to be localized quasi-topologically within roughly the
smallest quadrilateral of quiet pulsars that encircles it on the sky, down to a limiting resolution δθ &
(1/SNR)
√
λgw/dpulsar. PTAs may be unconfused, even at the lowest GW frequencies: in that case,
standard analysis techniques designed to detect a stochastic GW background would be incomplete
and suboptimal, whereas matched filtering could provide more information and sensitivity.
I. INTRODUCTION
Our Local Group of galaxies is sprinkled with milli-
second pulsars – natural clocks of extraordinary stability.
Gravitational waves (GWs) passing through the Milky
Way, after being generated e.g. by the inspiral of two
supermassive black holes in a distant galaxy, generate
fluctuations in the time of arrival (TOA) of the pulses
at the Earth [1–5]. In the future, we are likely to detect
such GWs via their coherent imprint on the TOA fluctu-
ations from a collection of pulsars distributed on the sky:
a “pulsar timing array” (PTA). Several collaborations
are actively monitoring pulsars for this purpose, includ-
ing NANOGrav, EPTA, PPTA and IPTA (see [4, 6–10]
for a review). Much research has focused on using PTAs
to study stochastic GW backgrounds ([11–13] and ref-
erences therein), and upper bounds are improving[14].
Recently, various authors have begun to study the abil-
ity of PTAs to detect and characterize individual GW
point sources [8, 15–22].
Continuing in this direction, this paper is concerned
with conceptually clarifying the theoretical behavior and
capabilities of PTAs as GW point source telescopes. We
address two related issues. (i) A PTA may be sensitive
to so many GW sources that it becomes “confused” –
i.e. unable to disentangle and individually characterize
the sources. When does a PTA become “confusion lim-
ited” rather than sensitivity limited? How many GW
sources is it capable of individually characterizing? [17]
(ii) When a set of GW point sources can be individu-
ally characterized, how well can their angular positions
be determined? [8, 15–22]
Regarding issue (i) we will see that PTAs with many
pulsars can characterize many GW sources per GW fre-
quency bin; the traditional rule of thumb that a GW de-
tector becomes confused when there is more than about
one GW source per GW frequency bin is too pessimistic
for PTAs. Regarding issue (ii) we must distinguish pul-
sars whose distances are known accurately or poorly rel-
ative to λgw/(1 − cos θ), where λgw is the gravitational
wavelength and θ is the angle between pulsar and source.
Pulsars with accurately known distances can angularly
localize a GW source very precisely; each such pulsar acts
like a single baseline of a diffraction-limited radio inter-
ferometer array – with the radio wavelength replaced by
the gravitational wavelength, and the length of the radio
baseline replaced by the distance from the pulsar to the
Earth! The contribution from pulsars with poorly known
distances is more interesting: due to a quasi-singularity
in the pattern of timing residuals near the location of the
GW source, the source can still be localized surprisingly
well, for reasons that have less to do with diffraction, and
more to do with topology (also see [18]).
The paper is organized as follows. Section II estab-
lishes our notation and basic formalism; this section is
mainly a rederivation of previously known results, but
casts them in a compact and general form that will be
important for our analysis in the following sections. Our
new results are contained in Sections III and IV, in which
we obtain and interpret useful and new analytic expres-
sions for both the angular resolution and confusion limits
of a PTA, when the distances to the pulsars are accu-
rately or poorly known, respectively. Finally, Section V
discusses some of the key implications of our results, and
highlights a number of open questions for future research.
II. BASIC FORMALISM
We label the 3 spatial directions with the latin indices
{i, j, k, l,m = 1, 2, 3}, raised and lowered with δij and δij .
The N pulsars in the network are labelled by the greek
indices {α, β = 1, . . . , N}, raised and lowered with δαβ
and δαβ . We go to the trouble of introducing raised and
lowered indices here simply to make use of the convenient
Einstein summation convention: repeated indices (one
upper, one lower) are summed.
2A gravitational wave on Minkowski space is described
in transverse-traceless (TT) gauge [23] by the line ele-
ment ds2 = −dt2 + [δij + 2hij ]dx
idxj . In this gauge,
the ~x = constant worldlines are timelike geodesics; along
such worldlines, the proper time τ is the coordinate time
t. To avoid notational clutter, let us start with just a sin-
gle gravitational plane wave travelling in the nˆ direction:
hij(t, ~x) =
∫
∞
−∞
dfh˜ij(f)e
2πif(nˆ·~x−t); (1)
it is straightforward to extend the following analysis to
a sum of m = 1, . . . ,M plane waves, each travelling in a
different direction nˆm; this extension is discussed below.
Throughout this paper, we use “dot product” notation
to mean contraction with the unperturbed 3-metric δij :
~a ·~b ≡ δija
ibj; and hats denote unit 3-vectors: aˆ · aˆ = 1.
To avoid confusion, please note: in this paper, since nˆ
is the direction of gravitational wave propagation, the
direction to the gravitational wave source is −nˆ, not +nˆ.
If an electromagnetic flash is emitted from position ~xi
at time ti, what is its arrival time t at position ~xf? If
we define ~xfi ≡ ~xf − ~xi = xfixˆfi then, at zeroth order
(i.e. in the absence of gravitational waves) the answer is
t0 = ti+xfi. Solving the geodesic equation to first order
in hij yields the perturbed result t = t0 + δt where:
δt =
∫
df
ih˜ij(f)xˆ
i
fixˆ
j
fi[e
2πif(nˆ·~xf−t0)−e2πif(nˆ·~xi−ti)]
2πf(1−nˆ · xˆfi)
. (2)
Now consider an observer at fixed spatial position ~x = ~0
receiving signals from α = 1, . . . , N pulsars at spatial
positions ~rα = rαrˆα. For pulsar α, the TOA fluctuation
δtα(t0), as a function of the unperturbed TOA t0, is
δtα(t0) =
∫
∞
−∞
dfδt˜α(f)e
−2πift0 (3)
where δt˜α(f), the Fourier transform of the TOA fluctu-
ation, is given by
δt˜α(f) =
ih˜ij(f)rˆ
i
αrˆ
j
α[1− Pα(f)]
2πf(1+nˆ·rˆα)
(4)
and, for later convenience, we have defined the phase
Pα(f) ≡ e
2πifrα(1+nˆ·rˆα). (5)
The measured TOA fluctuations sα(t0) from pulsar α
are gravitational wave signal δtα(t0) plus noise nα(t0):
sα(t0) = δtα(t0) + nα(t0). (6)
(As a caveat, some of the TOA fluctuation “signal” may
not be attributed to gravitational waves, but instead
must be absorbed into determining the parameters of the
pulsar timing model which accounts e.g. for the relative
motion of the pulsars and the Earth. This caveat is im-
portant for GWs with periods of 1 year, or > 10 years,
but may be ignored otherwise – particularly for the more
conceptual questions that are the focus of this paper.)
We take the noise to be stationary and gaussian, so it
is characterized by its correlation function Cαβ(T ) or,
equivalently, its spectral density Sαβ(f) = C˜αβ(f):
Cαβ(T ) = nα(t0 + T )nβ(t0) (7a)
δ(f − f ′)Sαβ(f) = n˜∗α(f)n˜β(f
′). (7b)
Then, given any two functions g(1)(t) and g(2)(t), we can
define their natural noise-weighted inner product to be
(g(1)|g(2)) =
∫
∞
−∞
df g˜(1)α (f)
∗[S−1(f)]αβ g˜
(2)
β (f). (8)
We will assume that the noise is approximately uncor-
related between different pulsars: Sαβ(f) = Sα(f)δαβ .
(This approximation is a common one in the pulsar lit-
erature. At the moment, it is justified by the fact that
the terrestrial time standards used for pulsar timing are
accurate to about 10 ns – i.e. the terrestrial clock error
is small relative to the timing fluctuations in the quietest
current pulsars, and relative to the gravitational-wave in-
duced fluctuations currently being sought. Furthermore,
it may be that future technological improvements keep
the terrestrial time standards perpetually ahead of the
accuracy needed for gravitational wave detection; but if
this ever fails to be the case, one would have to deter-
mine whether the noise between different pulsars is sig-
nificantly correlated, and incorporate those correlations
into the analysis that follows.) Under the assumption
that the noise is uncorrelated between different pulsars,
matched filtering will detect a given gravitational wave
signal with expected signal-to-noise ratio squared (SNR2)
given by
SNR2 = (δt|δt) =
N∑
α=1
SNR2α (9a)
SNR2α =
∫
∞
−∞
df
|δt˜α(f)|
2
Sα(f)
(9b)
where δt˜α(f) is given by (4). When a gravitational wave
signal (which depends on various parameters ξk) is de-
tected with sufficient SNR, the likelihood function (i.e.
the probability of the observed data stream as a function
of the underlying signal parameters ξk) may be approxi-
mated as a gaussian ∝ exp[−(1/2)ξkΓklξ
l] near its peak,
and the expected inverse covariance matrix is the Fisher
information matrix, given by
Γkl =
( ∂t
∂ξk
∣∣∣ ∂t
∂ξl
)
. (10)
The Fisher information matrix quantifies the accuracy
with which the parameters ξk may be inferred from the
observed signal. For an introduction to signal analysis
and Fisher matrices, and their use in gravitational wave
3detection, see Refs. [24–26]. We are interested, in par-
ticular, in the angular resolution of a PTA. Define an
orthonormal triad from nˆ and two other unit vectors mˆµ¯
(µ¯ = 1, 2); let γ µ¯ be the rotation angle around mˆµ¯. The
2× 2 angular part of Γkl is
Γµ¯ν¯ =
(
∂[δt]
∂γ µ¯
∣∣∣∂[δt]
∂γ ν¯
)
=
N∑
α=1
Γαµ¯ν¯ (11a)
Γαµ¯ν¯ =
∫
∞
−∞
df
∂[δt˜α(f)]
∂γ µ¯
∗
1
Sα(f)
∂[δt˜α(f)]
∂γ ν¯
. (11b)
To evaluate these angular derivatives, we act with the
infinitessimal rotation Rij ≈ δij − ǫijkmˆ
k
µ¯γ
µ¯ on the grav-
itational wave field, but not on the pulsar positions: e.g.
∂(1+nˆ·rˆα)/∂γ
µ¯ = ǫijknˆ
irˆjαmˆ
k
µ¯ and ∂[h˜ij(f)rˆ
i
αrˆ
j
α]/∂γ
µ¯ =
2h˜il(f)ǫ
l
jk rˆ
i
αrˆ
j
αmˆ
k
µ¯. In this way, we find
∂[δt˜α(f)]
∂γ µ¯
=
i[A(f) + B(f)]
2πf
(12)
where A comes from differentiating the phase Pα in (4),
and B comes from differentiating everything else:
A ≡ 2πifrα
h˜ij rˆ
i
αrˆ
j
αrˆ
k
αnˆ
lmˆmµ¯ ǫklm
(1 + nˆ · rˆα)
Pα (13a)
B ≡
h˜ij rˆ
i
αrˆ
k
αmˆ
l
µ¯
1+nˆ · rˆα
[
2ǫjkl−
rˆjαnˆ
mǫklm
1+nˆ · rˆα
]
[1−Pα]. (13b)
In understanding the meaning of these equations, we
should distinguish two cases: (i) pulsars whose distances
rα are known accurately relative to λgw/(1+ nˆ· rˆα), so Pα
is known; and (ii) pulsars whose distances rα are known
poorly relative to λgw/(1 + nˆ · rˆα), so Pα is essentially a
random phase. We consider these two cases in turn.
III. PULSARS WHOSE DISTANCES ARE
ACCURATELY KNOWN
First consider a monochromatic gravitational plane
wave of frequency fgw = c/λgw, and a pulsar whose dis-
tance rα is known accurately relative to λgw/(1+ nˆ · rˆα).
Then, if 2πrα/λgw ≫ 1, the A term dominates the B
term in Eq. (12). Combining Eqs. (4, 9–13), we obtain
Γαµ¯ν¯
SNR2α
≈
(2πrα
λgw
)2 (rˆiαnˆjmˆkµ¯ǫijk)(rˆi′α nˆj′mˆk′ν¯ ǫi′j′k′)
|1− Pα(fgw)|2
. (14)
Since the second fraction on the right-hand side of this
equation is typically O(1), this says that when a pulsar
at a well known distance rα registers a gravitational wave
with signal-to-noise level SNRα, its contribution to Γ
α
µ¯ν¯ is
typically Γαµ¯ν¯ ∼ (2πrα/λgw)
2SNR2α. In other words, each
such pulsar acts just like one of the baselines of a radio
interferometer array; but, in this analogy, the radio waves
are replaced by gravitational waves, and the baselines are
of galactic length scales and extend in all three spatial
dimensions – a remarkable instrument!
Now consider multiple GW sources. At the low
GW frequencies probed by PTAs (where the expected
GW point sources are supermassive black hole binaries,
far from final merger) the frequency of each gravita-
tional plane wave drifts negligibly over the observation
timescale T ∼ 10 yrs; and over the light travel time from
the pulsars to the Earth, the frequency drift or “chirp”
is approximately linear: hij(t, ~x) = Re{hˆije
−2πiχ(τ)},
where χ(τ) ≡ f0τ +
1
2 f˙ τ
2, τ ≡ t− nˆ · ~x, and {hˆij, f0, f˙}
are constants (see [10, 15, 17] for more discussion of the
drift specifics). The induced timing residuals for pul-
sar α are a sum of two peaks in frequency space: an
“Earth term” at frequency f0, and a “pulsar term” at
frequency f0 − f˙rα(1 + nˆ · rˆα); if f˙ is large enough (i.e.
for supermassive black hole binaries of sufficiently high
mass, sufficiently close to merger) these two peaks may
lie in separate frequency bins [15]. The number of such
GW sources that may be individually characterized by a
PTA may be determined via the following counting ar-
gument. First recall that a PTA that collects data for a
total timespan T (e.g. 10 years) cannot distinguish two
GW frequencies separated by less than ∆f ∼ 1/T ; thus
we should think of the PTA’s GW frequency spectrum
as being divided into bins of finite width (∼ ∆f). To
fully specify the pattern of timing residuals, we must pro-
vide the following information: in every GW frequency
bin, and for each “Earth term” in that bin, we give the
associated propagation direction nˆ, frequency derivative
f˙ , and two complex amplitudes (i.e. an the amplitude
and phase for both polarization modes), for a total of
7 real numbers. On the other hand, since the angular
dependence of Eq. (4) contains spherical harmonics of
arbitrarily high angular momentum order, the number of
independent measurements collected by the PTA is sim-
ply 2N per GW frequency bin – namely, the measured
amplitude and phase of the timing residuals, for each
pulsar, in each GW frequency bin [40]. To completely
characterize the individual sources, the independent mea-
surements must outnumber the parameters to be deter-
mined; that is, the PTA can characterize up to an average
of 2N/7 chirping GW point sources per GW frequency
bin. For simplicity, this argument neglects “boundary
effects” coming from GW sources for which the “Earth
term” lies within the detectable frequency range, while
the “pulsar term” does not, or vice versa. If we assume
that all of the GW sources are monochromatic (f˙ = 0),
the maximum number that can be characterized improves
only slightly to 2N/6 per GW frequency bin, but the fit-
ting procedure becomes much easier since we can treat
each GW frequency bin independently. If the PTA can
disentangle and characterize the individual sources, one
expects the angular resolution to be diffraction limited
δθ & (1/SNR)(λgw/rpulsar) [the more precise expecta-
tion is given by Eq. (14)].
Typically, to be in the “accurately measured” category,
a pulsar’s distance would have to be known to better than
4a gravitational wavelength (e.g. a few parsecs). Although
most pulsar distances are poorly known, often only to a
factor of 2 using dispersion measure, the quiet pulsars
most relevant to GW timing sometimes allow more ac-
curate distance measurements via “timing parallax” or
ordinary imagining parallax. Some of the most impres-
sive pulsar distances that have been obtained to date
are 156.3 ± 1.3 pc (to J0437-4715) [27], 262 ± 5 pc (to
B0950+08), 433 ± 8 pc (to B0809+74) [28], 361 ± 9 pc
(to B1929+10) [29], and 950± 20 pc (to (B2045-16) [30].
These high accuracies are currently only available for
rather nearby pulsars; but note the following two points.
First of all, remember that the relevant accuracy thresh-
old for the pulsar distance rα is not actually λgw, but
rather λgw/(1 + nˆ · rˆα), which is ≫ λgw for pulsars that
happen to be located in nearly the same direction as the
gravitational wave source. As a result, the distances to
such pulsars can be of benefit, even if they are known to
an accuracy considerably worse than the relevant gravi-
tational wavelength. Second, looking toward the future,
there is still the potential for significantly improved pul-
sar distance measurements. On one hand, an instrument
like the Square Kilometer Array could dramatically im-
prove both the accuracy and distance reach of distance
pulsar measurements via both timing and imaging paral-
lax: see e.g. [31]. On the other hand, there is promising
potential for interstellar holographic distance measure-
ments: low frequency VLBI combined with cyclic spec-
troscopy [32] may allow the long baselines associated with
the scattering disc to be used for localization [32–35]. It
is now possible to image the interstellar scattering disk of
pulsars at low frequencies, and it may be possible to use
these as billion km baselines to extract up to nanoarcsec-
ond astrometric information [36].
IV. PULSARS WHOSE DISTANCES ARE
POORLY KNOWN
If the pulsar distance rα is poorly known relative to
λgw/(1 + nˆ · rˆα), then Pα becomes a random phase con-
taining essentially no information; the A term is washed
out, and only the B term remains in Eq. (12). Such pul-
sars no longer contribute diffraction-limited information,
but all is not lost!
We start by sketching the key ideas, roughly. Consider,
as a concrete example, a GW of the form
hij(t, ~x) = h sin[2πf0(z + t)]

 0 1 01 0 0
0 0 0

 (15)
where h is a positive real number. This is a GW with
frequency f0 and “cross” polarization, traveling in the
nˆ = −zˆ direction (which means that the GW source is
located at the north pole of the celestial sphere). Then,
using Eqs. (1, 3, 4) we find that the corresponding pat-
tern of GW-induced timing residuals is given by
δtα(t) = −
h (1 + cos θα)sin 2ϕα
2πf0
Re
{
[1−Pα(f0)]e
−2πif0t
}
.
(16)
The first thing to notice is that this expression divides the
celestial sphere into 4 slices: 0 < ϕα <
π
2 ,
π
2 < ϕα < π,
π < ϕα <
3π
2 and
3π
2 < ϕα < 2π. Thus, at time t = 0
we see that all of the pulsars in the slices 0 < ϕα <
π
2
and π < ϕα <
3π
2 exhibit early pulse arrivals (δtα < 0),
whereas all of the pulsars in the slices π2 < ϕα < π and
3π
2 < ϕα < 2π exhibit late pulse arrivals (δtα > 0);
and at time t = (2f0)
−1 (half a GW period later), the
situation is reversed: all of the pulsars in the slices
0 < ϕα < π/2 and π < ϕα < 3π/2 exhibit late pulse
arrivals (δtα > 0), whereas all of the pulsars in the slices
π/2 < ϕα < π and 3π/2 < ϕα < 2π exhibit early pulse
arrivals (δtα < 0). Note that this is true regardless of
the values of the unknown phases Pα(f0) (contributed
by the “pulsar term” in the each pulsar’s timing resid-
ual), since the real part of [1 − Pα(f0)] will always be
positive (or, more correctly, non-negative). The point
is that the GW source lies at the point on the celestial
sphere where these four slices meet; so by localizing the
meeting point, we also localize the GW source. As we ex-
plain below, among pulsars with poorly known distances,
those close to the GW source (θα ≪ 1) and far from the
Earth (rα ≫ λgw/2π) contribute particularly strongly to
the angular localization of the GW source. To get an
initial sense of why this is true, first ignore the factor
Re{. . .} in Eq. (16), and focus on the remaining angular
dependence κ(θα, ϕα) = (1+cos θα)sin 2ϕα [3]. Note that
κ(θα, ϕα) is singular at the GW source’s location (θα = 0)
because, although it does not diverge as θα → 0, it does
not vanish either, and instead κ approaches a different
finite non-zero value depending on the azimuthal direc-
tion ϕα along which we take the limit θα → 0. In other
words, κ(θα, ϕα) is singular in the sense that, although
κ itself does not diverge, its azimuthal (ϕα) derivative
does diverge as θα → 0. By contrast, the full expression
(16) for δtα is not singular: including the factor Re{. . .}
smooths out the singularity in κ(θα, ϕα) since, when θα
is sufficiently small, [1 − Pα] vanishes as θ
2
α. This is be-
cause, when the pulsar is close enough to the GW source
on the celestial sphere, its pulses move along with the
GW itself, with negligible change in their relative phase
(like a surfer riding an ocean wave); the “earth term”
and “pulsar term” then cancel, and no timing resid-
ual is measurable. If the pulsar is sufficiently far away
from the Earth (rα ≫ λgw/2π), this effect only kicks
in for small angular separations θα .
√
λgw/(2πrα). In
other words, when λgw/(2πrα) ≪ 1, Eq. (16) is quasi-
singular at θα = 0; it becomes genuinely singular in
the limit λgw/(2πrα) → 0. The fact that δtα varies
rapidly (with cos 2ϕα dependence) around a tiny circle
of radius
√
λgw/(2πrα) . θα ≪ 1 surrounding the quasi-
singularity is the key to localizing the GW source.
To see this in more detail, split the pulsar directions rˆα
5FIG. 1: The 4 circles represent 4 pulsars that form a small
square on the sky. The timing residuals of all 4 pulsars are os-
cillating with the same amplitude and period Tgw, but differ-
ent phases; each pulsar’s oscillation is 180o out of phase with
its 2 nearest neighbors. (This figure depicts this by showing
4 different moments in the oscillation cycle: black, white, or
grey circles indicate that, at that moment, the pulses are ar-
riving early, late, or “on time,” respectively.) This signature
indicates that the square contains a GW point source.
into components parallel and perpendicular to the GW
source direction zˆ: rˆα = ρˆαsin θα+ zˆ cos θα. Now ap-
proach the quasi-singularity in two steps: first consider
the “weaker” limit
√
λgw/(2πrα) . θα ≪ 1 in which θα
is small but [1−Pα] is not; then proceed to the “stronger”
limit θα ≪
√
λgw/(2πrα) ≪ 1 in which θα and [1 − Pα]
are both small. In the weaker limit, Eq. (4) becomes
δt˜α(f) ≈
i
πf
h˜ij(f)ρˆ
i
αρˆ
j
α[1− Pα(f)] (17)
while Eq. (12) becomes
∂[δt˜α(f)]
δγ µ¯
=
2i
πf
Cαµ¯(f)
θα
[1− Pα(f)] (18)
where
Cαµ¯(f) ≡ h˜ij(f)ρˆ
i
α
[
ǫjklnˆ
kmˆlµ¯+ρˆ
j
αρˆ
k
αnˆ
lmˆmµ¯ ǫklm
]
. (19)
Thus (still in the weaker limit) we have:
Γαµ¯ν¯
SNR2α
≈
4
θ2α
Cαµ¯(fgw)Cαν¯(fgw)
∗∣∣h˜ij(fgw)ρˆiαρˆjα∣∣2 . (20)
Since the second fraction on the right-hand side of this
expression is generically O(1), this says that when a pul-
sar is near (but not too near) a GW source on the sky,
its contribution to Γµ¯ν¯ is typically Γ
α
µ¯ν¯ ∼ (4/θ
2
α)SNR
2
α.
In the stronger limit θα ≪
√
λgw/(2πrα) ≪ 1, Eqs.
(4) and (12) imply that δt˜α(f) and ∂[δt˜α(f)]/∂γ
µ¯ are
smooth and vanishing at θα = 0. So as θα decreases,
Γαµ¯ν¯ initially increases as 1/θ
2
α, and then drops to zero;
in between it attains a maximum value:
Γαµ¯ν¯ ∼
8πrα
λgw
SNR2α (21)
at a separation angle θα ≈
√
λgw/(2πrα)≪ 1.
Now consider multiple GW sources. We can repeat
the previous section’s counting argument, except that
we must now include the N unknown pulsar distances
when we are counting the parameters needed to spec-
ify the pattern of timing residuals; with this modifica-
tion, we find that a PTA which monitors F different
GW frequency bins can completely characterize up to
an average of (2N/7)(1 − 1/2F ) “chirping” sources [or
(2N/6)(1−1/2F ) monochromatic sources] per bin. Note
that, although we didn’t know the pulsar distances a pri-
ori, they are determined, in principle, by the fit [41] [42].
If the PTA can disentangle and characterize the in-
dividual sources, how well can they be angularly local-
ized? To answer this question, one should ask, for each
combination of pulsar and GW source, whether the fit
to the timing residuals has determined rα accurately or
poorly relative to λgw/(1 + nˆ · rˆα); roughly speaking, if
rα has been determined accurately then we expect the
pulsar will contribute diffraction limited angular infor-
mation as described by Eq. (14); and if rα has been
determined poorly then we expect the pulsar will con-
tribute “quasi-singularity limited” angular information
Γαµ¯ν¯ for that source, as described by Eqs. (20) and (21).
Consider the localization of a GW source when all of
the pulsar’s have poorly known distances; as explained
above, the quasi-singular pattern of timing residuals im-
plies that the angular localization will be dominated by
the pulsars that are close to that source on the celestial
sphere; in particular, it is roughly set by the smallest
quadrilateral of pulsars that encircles the source on the
celestial sphere, down to a limiting angular resolution of
roughly δθ ∼ (1/SNRα)
√
λgw/dpulsar [the more precise
statement is given by Eqs. (20) and (21)]. To understand
this behavior, consider the example in Fig. 1.
V. DISCUSSION
As we have seen, if a PTA is confronted with too many
gravitational wave GW sources, it will become “con-
fused” (unable to disentangle the sources). It was pre-
viously assumed (e.g. in [16]), as a rule of thumb, that
PTAs would become confused when there was more than
one GW source per frequency bin. In this paper, we have
derived the confusion limit, and shown that the actual re-
sult is different: a PTA containing N pulsars does not be-
come confused until there are 2N/7 sources per frequency
bin (or slightly less, if the pulsar distances are not accu-
rately known); until this threshold is crossed, the PTA is
sensitivity limited, not confusion limited. In other words,
a PTA with many pulsars is much less confused than the
naive rule of thumb would suggest. To translate this into
concrete terms, see the lower left hand panel of Figure 2
in Ref. [16]. This figure estimates the expected number
of GW sources above a certain minimum timing residual
threshold. From it, we see that: the expected number
of GW sources per frequency bin with timing residuals
above 100 ns (a relatively near-term/achievable thresh-
old) is well below 0.1 in every bin; the expected number
of GW sources per frequency bin with timing residuals
above 10 ns (a rather ambitious threshold) is well below
610 in every bin; and even the expected number of GW
sources per frequency bin with residuals above 1 ns (a
very ambitious/futuristic threshold) is well below 100 in
every bin. Thus, even in the rather ambitious/futuristic
case in which the PTA can detect GW sources with tim-
ing residuals as small as 10 ns, if the PTA contains & 35
quiet pulsars, it will be sensitivity limited rather than
confusion limited, even in its lowest frequency bins. And
even in the very ambitious/futuristic case in which the
PTA can detect GW sources with timing residuals as
small as 1 ns, if the PTA contains & 350 quiet pulsars
(see e.g. [6]), it will be sensitivity limited rather than
confusion limited, even in its lowest frequency bins. (Let
us put these numbers in some context. At the moment,
there are about 20 pulsars with rms timing residuals less
than 1 µs, and a few pulsars with rms timing residuals
as small as 100 ns [4]. In the nearer term, the Parkes
Pulsar Timing Array is aiming to monitor an array of 20
pulsars, each with rms residuals better than 100 ns over
a 5 year timescale [37]. And in the future, the Square
Kilometer Array project could detect more than 20,000
pulsars, including hundreds of pulsars with rms timing
residuals that match or surpass the best few pulsars cur-
rently available [6, 17, 38].) Thus, it is a very plausible
possibility that future PTAs will be sensitivity limited,
rather than confusion limited, even at their lowest fre-
quencies. In this case, the traditional picture of a PTA
as a stochastic background detector will be incorrect, and
there will be a significant advantage to analyzing the data
via matched filtering (as is done in other gravitational
wave experiments such as LIGO [39]) and thinking of the
PTA as a point source telescope, rather than analyzing
it as if it were detecting a stochastic background.
In the previous sections, we have attempted to clarify
the limits on the capabilities of PTAs and, in particu-
lar, how these limits depend on factors such as the SNR
distribution of the GW sources, the number and angular
distribution of the pulsars relative to the GW sources,
the distances to the pulsars and the precisions of those
distances. Our results for the angular resolution were
obtained by Fisher matrix methods, assuming gaussian,
stationary noise. For this reason, we must remember that
in general these results must be interpreted as bounds on
(rather than estimates of) the angular resolution. For
high-SNR sources, these bounds will be saturated, and
may be reinterpreted as actual estimates; for moderate-
SNR sources they will still provide useful quantitative
guidelines; but for low-SNR sources, it is especially im-
portant to remember that our formulae represent bounds
rather than estimates, since the Fisher bounds will be-
come increasingly “loose” (i.e. non-saturated) in the low
SNR regime [22]. (Note that the relevant SNR here is
the total SNR of the source in the PTA, which can be
high even if the SNR per pulsar is not.)
In addition to the analytical formulae presented and
interpreted earlier, it is worth mentioning one other rule
of thumb to keep in mind when estimating the angular
resolution of a PTA. Generically, since most pulsars tend
to be located in the galactic plane, one expects the spatial
resolution to be best for GW sources near the galactic
pole if pulsar distances are accurately known, and best
for GW sources in the galactic plane if pulsar distances
are poorly known.
This paper has focused on the angular resolution of
a PTA in the regime where the GW sources are not
confused; and on the conditions that need to be satis-
fied in order to be in this regime. In the opposite (fully
confused) regime, the gravitational wave signal may be
treated as a Gaussian random field; this situation has
been extensively studied in the literature. The interme-
diate regime in between these two limits is also very in-
teresting, but clearly more complicated than either limit,
and will be left for future work.
Other interesting problems for future work include: (i)
“tightening” the angular resolution limits at low SNR,
beyond the limits obtained by Fisher matrix methods
[22]; (ii) extending this work to GW point sources that
are near enough that their wavefront curvature is signif-
icant [20]; (iii) determining the circumstances in which
pulsar distance determination by GW fitting can com-
pete with more traditional methods (i.e. VLBI, cyclic
spectroscopy or timing parallax), see [21]; (iv) clarify-
ing the statistics of GW sources which are anomalously
well characterized because they are fortuitously located
relative to one or several pulsars on the sky; (v) quantify-
ing the gain from matched filtering (with quasi-singular
filters in particular) compared to traditional stochastic
correlation analysis, even when the PTA appears source
confused; (vi) understanding the predicted distribution
of frequency derivative f˙ among the GW sources rele-
vant to PTAs, and the implications of this distribution
for PTA GW telescopes.
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